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Multiloop scattering amplitudes describing the quantum fluctuations at high-energy scattering processes are
the main bottleneck in perturbative quantum field theory. The loop-tree duality is a novel method aimed at over-
coming this bottleneck by opening the loop amplitudes into trees and combining them at integrand level with
the real-emission matrix elements. In this Letter, we generalize the loop-tree duality to all orders in the per-
turbative expansion by using the complex Lorentz-covariant prescription of the original one-loop formulation.
We introduce a series of mutiloop topologies with arbitrary internal configurations and derive very compact and
factorizable expressions of their open-to-trees representation in the loop-tree duality formalism. Furthermore,
these expressions are entirely independent at integrand level of the initial assignments of momentum flows in
the Feynman representation and remarkably free of noncausal singularities. These properties, that we conjecture
to hold to other topologies at all orders, provide integrand representations of scattering amplitudes that exhibit
manifest causal singular structures and better numerical stability than in other representations.
INTRODUCTION
Precision modeling of fundamental interactions relies
mostly on perturbative quantum field theory. Quantum fluc-
tuations in perturbative quantum field theory are encoded by
Feynman diagrams with closed loop circuits. These loop
diagrams are the main bottleneck to achieve higher pertur-
bative orders and therefore more precise theoretical predic-
tions for high-energy colliders [1, 2]. Whereas loop inte-
grals are defined in the Minkowski space of the loop four-
momenta, the loop-tree duality (LTD) [3–22] exploits the
Cauchy residue theorem to reduce the dimensions of the in-
tegration domain by one unit in each loop. In the most gen-
eral version of LTD the loop momentum component that is
integrated out is arbitrary [3, 4]. In numerical implementa-
tions [7, 8, 10, 11, 13, 14, 16, 21, 22] and asymptotic ex-
pansions [12, 17], it is convenient to select the energy com-
ponent because the remaining integration domain, the loop
three-momenta, is Euclidean.
LTD opens any loop diagram to a forest (a sum) of nondis-
joint trees by introducing as many on-shell conditions on the
internal loop propagators as the number of loops, and is re-
alized by modifying the usual infinitesimal complex prescrip-
tion of the Feynman propagators. The new propagators with
modified prescription are called dual propagators. LTD at
higher orders proceeds iteratively, or in the words of Feyn-
man [23, 24], by opening the loops in succession. While
the position of the poles of Feynman propagators in the com-
plex plane is well defined, i.e., the positive (negative) energy
modes feature a negative (positive) imaginary component due
to the momentum independent +ı0 imaginary prescription,
the dual prescription of dual propagators is momentum de-
pendent. Therefore, after applying LTD to the first loop, the
position of the poles in the complex plane of the subsequent
loop momenta is modified. The solution found in Refs. [4, 5]
was to reshuffle the imaginary components of the dual propa-
gators by using a general identity that relates dual with Feyn-
man propagators in such a way that propagators entering the
second and successive applications of LTD are Feynman prop-
agators only. This procedure requires to reverse the momen-
tum flow of a few subsets of propagators in order to keep a
coherent momentum flow in each LTD round.
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FIG. 1. Maximal loop topology (left) and the corresponding open
dual representation (right). An arbitrary number of external legs is
attached to each loop line. All the propagators in the set i on the
rhs are off shell, while the dashed line represents the on-shell cut
over the other n− 1 sets: one on-shell propagator in each set and an
implicit sum over all possible on-shell configurations. Bars indicate
a reversal of the momentum flow.
Recent papers have proposed alternative dual representa-
tions [19–22]. In Refs. [19, 20], an average of all the possi-
ble momentum flows is proposed, which requires a detailed
calculation of symmetry factors. We show in this Letter that
this average is unnecessary. In Refs. [21, 22], the Cauchy
residue theorem is applied iteratively by keeping track of the
actual position of the poles in the complex plane. The proce-
dure requires to close the Cauchy contours at infinity from
either below or above the real axis, in order to cancel the
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2dependence on the position of the poles. In this Letter, we
follow a new strategy to generalize LTD to all orders, and
with the original Lorentz-covariant prescription [3, 4]. As
in Refs. [4, 5, 13, 14], we reverse sets of internal momenta
whenever it is necessary to keep a coherent momentum flow,
and we close the Cauchy contours always in the lower com-
plex half-plane. Causality [6, 15, 25–30] is also used as a
powerful guide to select which kind of dual contributions are
endorsed, and then construct suitable Ansa¨tze that are proven
by induction. This procedure allows us to obtain explicit and
very compact analytic expressions of the LTD representation
for a series of loop topologies to all orders and arbitrary inter-
nal configurations.
LOOP-TREE DUALITY TO ALL ORDERS AND POWERS
The internal propagators of any multiloop integral or scat-
tering amplitude can be classified into different sets or loop
lines, each set collecting all the propagators that depend on
the same single loop momentum or a linear combination of
them. To simplify the notation, s labels the set of all the
internal propagators is ∈ s carrying momenta of the form
qis = `s + kis , where `s is the loop momentum identifying
this set, and where kis is a linear combination of external mo-
menta {pj}N . Note that `s may be a linear combination of
loop momenta, so long as it is the same fixed combination in
all the elements in the set s. The usual Feynman propagator
of one single internal particle is
GF (qis) =
1
q2is,0 −
(
q
(+)
is,0
)2 , (1)
where
q
(+)
is,0
=
√
q2is +m
2
is
− ı0 , (2)
with qis,0 and qis the time and spatial components of the mo-
mentum qis , respectively, mis its mass, and ı0 the usual Feyn-
man’s infinitesimal imaginary prescription. We extend this
definition to encode in a compact way the product of the Feyn-
man propagators of one set or the union of several sets:
GF (1, . . . , n) =
∏
i∈1∪···∪n
(GF (qi))
ai . (3)
Here, we contemplate the general case where the Feynman
propagators are raised to arbitrary powers. Still, the powers ai
will appear only implicitly in the following. A typical L-loop
scattering amplitude is expressed as
A(L)N (1, . . . , n) =
∫
`1,...,`L
N ({`i}L, {pj}N )GF (1, . . . , n)
(4)
in the Feynman representation, i.e. as an integral in the
Minkowski space of the L-loop momenta over the product of
Feynman propagators and the numerator N ({`i}L, {pj}N ),
which is given by the Feynman rules of the theory. The inte-
gration measure reads
∫
`i
= −ı µ4−d ∫ dd`i/(2pi)d in dimen-
sional regularization [31, 32], with d the number of space-time
dimensions.
Beyond one loop, any loop subtopology involves at least
two loop lines that depend on the same loop momentum. We
define the dual function that accounts for the sum of residues
in the complex plane of the common loop momentum as
GD(s; t) = −2piı
∑
is∈s
Res (GF (s, t), Im(η · qis) < 0) , (5)
where GF (s, t) represents the product of the Feynman prop-
agators that belong to the two sets s and t. Each of the Feyn-
man propagators can be raised to an arbitrary power. Notice
that in Eq. (5) only the propagators that belong to the set s
are set consecutively on shell. The Cauchy contour is always
closed from below the real axis, Im(η · qis) < 0. The vector
η is futurelike and was introduced in the original formulation
of LTD [3] to regularize the dual propagators in a Lorentz-
covariant form. For single power propagators, s = t and
η = (1,0), Eq. (5) provides the customary dual function at
one loop with the energy component integrated out
GD(s) = −
∑
is∈s
δ˜ (qis)
∏
js 6=is
js∈s
1
(q
(+)
is,0
+ kjsis,0)
2 − (q(+)js,0)2
,
(6)
with kjsis = qjs − qis , and δ˜ (qis) = 2piı θ(qis,0)δ(q2is −m2is)
selecting the on-shell positive energy mode, qis,0 > 0. If
some of the Feynman propagators are raised to multiple pow-
ers, then Eq. (5) leads to heavier expressions [5] but the lo-
cation of the poles in the complex plane is the same as in the
single power case.
Then, we construct the dual function of nested residues in-
volving several sets of momenta
GD(1, . . . , r;n) = −2piı
×
∑
ir∈r
Res (GD(1, . . . , r − 1; r, n), Im(η · qir ) < 0) . (7)
In the rhs of Eqs. (5) and (7), we can introduce numerators or
replace the Feynman propagators by the integrand of Eq. (4)
to define the corresponding unintegrated open dual amplitudes
A(L)D (1, . . . , r;n). An example of dual amplitudes at two
loops was presented in Ref. [13].
In the next sections, we will derive the LTD representation
of the multiloop scattering amplitude in Eq. (4) and we will
present explicit expressions for several benchmark topologies
to all orders. The notation introduced above allows us to ex-
press the LTD representations in a very compact way, since it
only requires to label and specify the overall structure of the
loop sets, regardless of their internal and specific configura-
tion.
3MAXIMAL LOOP TOPOLOGY
The maximal loop topology (MLT), see Fig. 1, is defined
by L-loop topologies with n = L + 1 sets of propagators,
where the momenta of the propagators belonging to the first
L sets depend on one single loop momentum, qis = `s + kis
with s ∈ {1, . . . , L}, and the momenta of the extra set, de-
noted by n, are a linear combination of all the loop momenta,
qin = −
∑L
s=1 `s + kin . The minus sign in front of the sum
is imposed by momentum conservation. The momenta kis
and kin are linear combinations of external momenta. At two
loops (n = 3), this is the only possible topology, and therefore
sufficient to describe any two-loop scattering amplitude.
The LTD representation of the multiloop MLT amplitude,
starting at two loops, is extremely simple and symmetric
A(L)MLT(1, . . . , n)
=
∫
`1,...,`L
n∑
i=1
A(L)D (1, . . . , i− 1, i+ 1, . . . , n; i) , (8)
with A(L)D (2, . . . , n; 1) and A(L)D (1, . . . , n − 1;n) as the first
and the last elements of the sum, respectively. The bar in
s indicates that the momentum flow of the set s is reversed
(qis → −qis ), which is equivalent to selecting the on-shell
modes with negative energy of the original momentum flow.
The compact expression in Eq. (8) was obtained by first eval-
uating the nested residues, Eq. (7), of several representative
multiloop integrals. The derived expressions were then used
to formulate an Ansatz to all orders that was proven by in-
duction. It is noteworthy that there is no dependence in this
expression on the position of the poles in the complex plane.
In each term of the sum in the integrand of Eq. (8) there
is one set i with all its propagators off shell, and there is one
on-shell propagator in each of the other n − 1 sets. This is
the necessary condition to open the multiloop amplitude into
nondisjoint trees. Note also that there is an implicit sum over
all possible on-shell configurations of the n−1 sets. The LTD
representation in Eq. (8) is displayed graphically in Fig. 1, and
represents the basic building block entering other topologies.
The causal behavior of Eq. (8) is also clear and manifest.
The dual representation in Eq. (8) becomes singular when one
or more off-shell propagators eventually become on shell and
generate a disjoint tree dual subamplitude. If these propaga-
tors belong to a set where there is already one on-shell prop-
agator then the discussion reduces to the one-loop case [6].
We do not comment further on this case. The interesting case
occurs when the propagator becoming singular belongs to the
set with all the propagators off shell [15]. For example, the
first element of the sum in Eq. (8) features all the propaga-
tors in the set 1 off shell. One of those propagators might be-
come on shell, and there are two potential singular solutions,
one with positive energy and another with negative energy,
depending on the magnitude and direction of the external mo-
menta [6, 15]. The solution with negative energy represents
a singular configuration where there is at least one on-shell
propagator in each set. Therefore, the amplitude splits into
two disjoint trees, with all the momenta over the causal on-
shell cut pointing to the same direction. Abusing notation:
A(L)D (2, . . . , n; 1) 1 on−shell→ A(L)D (1, 2, . . . , n) . (9)
The on-shell singular solution with positive energy, however,
is locally entangled with the next term in Eq. (8) such that the
full LTD representation remains nonsingular in this configu-
ration:
A(L)D (2, 3, . . . , n; 1) +A(L)D (1, 3, . . . , n; 2) (10)
(1,2) on−shell→ A(L)D (1, 2, 3, . . . , n)−A(L)D (1, 2, 3, . . . , n) .
These local cancellations also occur with multiple power
propagators. They are the known dual cancellations of un-
physical or noncausal singularities [6, 13–15] and their can-
cellation is essential to support that the remaining causal and
anomalous thresholds as well as infrared singularities are
restricted to a compact region of the loop three-momenta.
Causality determines that the only surviving singularities fall
on ellipsoid surfaces in the loop three-momenta space [7, 8,
22], that collapse to finite segments for massless particles
leading to infrared singularities. These causal singularities
are bounded by the magnitude of the external momenta, thus
enabling the simultaneous generation with the tree contribu-
tions describing emission of extra radiation through suitable
momentum mappings, as defined in four-dimensional unsub-
straction (FDU) [9–11]. Another potential causal singularity
occurs from the last term in Eq. (8) when all the on-shell mo-
menta are aligned in the opposite direction over the causal
on-shell cut,A(L)D (1, . . . , n−1;n) n on−shell→ A(L)D (1, . . . , n).
It is also interesting to note the remarkable structure that the
LTD representation exhibits when expressed in terms of dual
propagators. For example, the scalar MLT integral with only
one single propagator in each set, e.g. the sunrise diagram at
two loops, reduces to the extremely compact expression
A(L)MLT(1, . . . , n) = −
∫
~`
1,...,~`L
1
2q
(+)
n,0
(
1
λ−1,n
+
1
λ+1,n
)
,
(11)
where λ±1,n =
∑n
i=1 q
(+)
i,0 ± k0,n, with kn =
∑n
i=1 qi, and∫
~`
s
= −µ4−d ∫ dd−1`s/(2pi)d−1/(2q(+)s,0 ). The most notable
property of this expression is that it is explicitly free of un-
physical singularities, and the causal singularities occur, as
expected, when either λ+1,n or λ
−
1,n vanishes, depending on
the sign of the energy component of kn, in the loop three-
momenta region where the on-shell energies are bounded,
q
(+)
i,0 < |k0,n|. This property also holds for powered propa-
gators, nonscalar integrals, and more than one propagator in
each set. Furthermore, Eq. (11) is independent of the initial
momentum flows in the Feynman representation.
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FIG. 2. Next-to-maximal loop topology (left) and its convoluted dual
representation (right). Each MLT subtopology opens according to
Eq. (8). Only the on-shell cut of the last MLT-like subtopology with
reversed momentum flow is shown.
NEXT-TO-MAXIMAL LOOP TOPOLOGY
The next multiloop topology in complexity, see Fig. 2, con-
tains one extra set of momenta, denoted by 12, that depends
on the sum of two loop momenta, qi12 = −`1− `2+ ki12 . We
call it next-to-maximal loop topology (NMLT). This topology
appears for the first time at three loops, i.e. n + 1 sets with
L = n− 1 and n ≥ 4, and its LTD representation is given by
the compact and factorized expression
A(L)NMLT(1, . . . , n, 12) = A(2)MLT(1, 2, 12)⊗A(L−2)MLT (3, . . . , n)
+A(1)MLT(1, 2)⊗A(0)(12)⊗A(L−1)MLT (3, . . . , n) . (12)
The first term on the rhs of Eq. (12) represents a convolution
of the two-loop MLT subtopology involving the sets (1, 2, 12)
with the rest of the amplitude, which is also MLT. Each MLT
component of the convolution opens according to Eq. (8). In
the second term on the rhs of Eq. (12), the set 12 remains off
shell while there are on-shell propagators in either 1 or 2, and
all the inverted sets from 3 to n contain on-shell propagators.
For example, at three loops (n = 4), these convolutions are
interpreted as
A(2)MLT(1, 2, 12)⊗A(1)MLT(3, 4)
=
∫
`1,`2,`3
(
A(3)D (2, 12, 4; 1, 3) +A(3)D (1, 12, 4; 2, 3)
+A(3)D (1, 2, 4; 12, 3) + (4↔ 3)
)
, (13)
and
A(1)MLT(1, 2)⊗A(0)(12)⊗A(2)MLT(3, 4) (14)
=
∫
`1,`2,`3
(
A(3)D (2, 3, 4; 1, 12) +A(3)D (1, 3, 4; 2, 12)
)
.
The two sets after the semicolon remain off shell. In total, the
number of terms generated by Eq. (12) is 3L− 1.
Causal thresholds and infrared singularities are then de-
termined by the singular structure of the A(2)MLT(1, 2, 12)
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FIG. 3. Next-to-next-to-maximal loop topology (left) and its con-
voluted dual representation (right). Opening according to Eq. (15).
Only the on-shell cut of the last MLT-like subtopology with reversed
momentum flow is shown.
subtopology, and by the singular configurations that split the
NMLT topology into two disjoint trees with all the on-shell
momenta aligned over the causal cut. Again, the singular sur-
faces in the loop three-momenta space are limited by the ex-
ternal momenta, and all the noncausal singular configurations
that arise in individual contributions undergo dual cancella-
tions.
NEXT-TO-NEXT-TO-MAXIMAL LOOP TOPOLOGY
The last multiloop topology that we consider explicitly is
the next-to-next-to-maximal loop topology (N2MLT) shown
in Fig. 3. At three loops, it corresponds to the so-called
Mercedes-Benz topology. Besides the 12-set, there is another
set denoted by 23 with qi23 = −`2− `3+ ki23 . Its LTD repre-
sentation is given by the following convolution of factorized
subtopologies
A(L)N2MLT(1, . . . , n, 12, 23) (15)
= A(3)NMLT(1, 2, 3, 12, 23)⊗A(L−3)MLT (4, . . . , n)
+A(2)MLT(1 ∪ 23, 2, 3 ∪ 12)⊗A(L−2)MLT (4, . . . , n) .
The sets (1, 2, 3, 12, 23) form a NMLT subtopology. There-
fore, the first component of the first term on the rhs of Eq. (15)
opens iteratively as
A(3)NMLT(1, 2, 3, 12, 23) = A(2)MLT(1, 2, 12)⊗A(1)MLT(3, 23)
+
∫
`1,`2,`3
(
A(3)D (1, 3, 23; 2, 12) +A(3)D (12, 3, 23; 1, 2)
)
.
(16)
The last two terms on the rhs of Eq. (16) are fixed by the con-
dition that the sets (2, 3, 23) cannot generate a disjoint sub-
tree. The second term on the rhs of Eq. (15) contains a two-
loop subtopology made of five sets of momenta, A(2)MLT(1 ∪
23, 2, 3 ∪ 12), which are grouped into three sets and dualized
through Eq. (8). For example, propagators in the sets 1 and
523 are not set simultaneously on shell. The number of terms
generated by Eq. (15) is 8(L − 1). As for the NMLT, the
causal singularities of the N2MLT topology are determined
by its subtopologies and by the singular configurations that
split the open amplitude into disjoint trees with all the on-shell
momenta aligned over the causal cut. Any other singular con-
figuration is entangled among dual amplitudes and cancels.
We would like to emphasize that Eq. (15) accounts properly
for the NMLT and MLT topologies as well, if either 23 or both
12 and 23 are taken as empty sets. At three loops, therefore,
Eq. (15) emerges as the LTD master topology for opening any
scattering amplitude from its Feynman representation.
Finally, let us comment on more complex topologies at
higher orders. For example, let’s consider the multiloop topol-
ogy made of one MLT and two two-loop NMLT subtopolo-
gies that appears for the first time at four loops. This topology
opens into nondisjoint trees by leaving three loop sets off shell
and by introducing on-shell conditions in the others under cer-
tain conditions: either one off-shell set in each subtopology or
two in one NMLT subtopology and one in the other with on-
shell propagators in all the sets of the MLT subtopology. Once
the loop amplitude is open into trees, the singular causal struc-
ture is determined by the causal singularities of its subtopolo-
gies, and all entangled noncausal singularities of the forest
cancel.
CONCLUSIONS
We have reformulated the loop-tree duality at higher or-
ders and have obtained very compact open-into-tree analyti-
cal representations of selected loop topologies to all orders.
These loop-tree dual representations exhibit a factorized cas-
cade form in terms of simpler subtopologies. Since this fac-
torized structure is imposed by the opening into nondisjoint
trees and by causality, we conjecture that it holds to all loop
orders and topologies. Remarkably, specific multiloop config-
urations are described by extremely compact dual representa-
tions which are, moreover, free of unphysical singularities and
independent of the initial momentum flow. This property has
been tested with all the topologies and several internal config-
urations. We also conjecture that analytic dual representations
in terms of only causal denominators are always plausible.
The explicit expressions presented in this Letter are suffi-
cient to describe any scattering amplitude up to three loops.
Other topologies that appear for the first time at four loops
and beyond have been anticipated, and will be presented in a
forthcoming publication. This reformulation allows for a di-
rect and efficient application to physical scattering processes,
and is also advantageous to unveil formal aspects of multiloop
scattering amplitudes.
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